
Problem 2.6

(a). LetU ∼ U[0,1] andX = h(U) = −log (U)/λ. The density ofX is |Jh−1(x)|, whereJh−1 is the

Jacobian of the inverse of the transformationh. Then,X ∼ Exp(λ).

(b). Let(Ui) be a sequence of iidU[0,1] random variables and

Y = −2
ν
∑

j=1

log (Uj).

ThenY is a sum ofν Exp(/12) rv’s, that is, ofν χ2
2 rv’s. By definition,Y is thus a chi-squared

variable:Y ∼ χ2
2ν .

Let Y = − 1
β

∑a
j=1 log (Uj). Using the previous result,2βY ∼ χ2

2a, that is2βY ∼ Ga(a, 1/2).
Therefore,Y ∼ Ga(a, β).

Let

Y =

∑a
j=1 log (Uj)

∑a+b
j=1 log (Uj)

=
1

1 + Y1/Y2
.

whereY1 = −∑a
j=1 log (Uj) andY2 = −∑a+b

j=a+1 log (Uj). Using the previous result with

β = 1,we haveY1 ∼ Ga(a, 1) andY2 ∼ Ga(b, 1). Denote byf , f2 andf3 the density functions

of Y , Y1 andY2 respectively. Using the transformationh : (Y1, Y2) −→ (Y, Y2), we obtain

f(y) =

∫ ∞

0
|Jh−1(y, y2)|f1(y2(

1

y
− 1))f2(y2)dy2

=
(1 − y)a−1

Γ(a)Γ(b)ya+1

∫ ∞

0
ya+b−1
2 e

− y2
y dy2

=
Γ(a+ b)

Γ(a)Γ(b)
ya−1(1 − y)b−1 =

ya−1(1 − y)b−1

B(a, b)
.

Therefore, Y is aBe(a, b) random variable.

(c). We use the fact that ifX ∼ Fm.n, then nX
m+nX ∼ Be(m,n). Thus, we simulateY ∼ Be(m,n)

using the previous result and takeX = mY
n(1−Y ) .

(d). LetU ∼ U[0,1] andX = h(U) = logU/1 − U . The density ofX is then

f(x) = |(h−1)′(x)| =
e−x

(1 + e−x)2

with h−1(x) = e−x/1 + e−x. ThenX is a Logistic(0, 1) random variable. Using the fact

that βX + µ is a Logistic(µ, β) random variable, generating aU[0,1] variable and takingX =

β logU/1 − U + µ gives a Logistic(µ, β) variable.
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Problem 2.13

(a). Suppose that we have a sequence ofExp(λ) rv’s Xi with cdf F . Then the cdf of the sumX1 +

. . . +Xn is the convolution

FX1+...+Xn(x) = Fn∗

(x) = 1 − exλ
n−1
∑

k=0

(xλ)k

k!

and the probability thatX1 + . . .+Xn ≤ 1 ≤ X1 + . . .+Xn+1 is

Fn∗

(1) − F (n−1)∗(1) = 1 − exλ
n−1
∑

k=0

(xλ)k

k!
−
(

1 − eλ
n
∑

k=0

λk

k!

)

= e−λ (λ)n

n!
= Pλ(N = k) .

(b). We takeX = N−1 that means
∏N

i=1 ui < c and
∏N−1

i=1 ui ≥ c. So, we have− 1
λ

∑N
i=1 log ui > 1

and− 1
λ

∑N−1
i=1 log ui ≤ 1 which is equivalent to (a) as− 1

λ log ui ∼ Exp(λ)

Problem 2.17

(a). To find the distribution ofU(i) over all possibilities of orderingU1, ..., Un into U(i) ≤ U(2) ≤
, ...,≤ U(n), let Sn be the set of the permutationsσ of {1, ..., n}. (It containsn! elements.) The

cdf ofU(i) is

FU(i)
(u) = P (U(i) ≤ u)

=
∑

σ∈Sn

[

∫ u

0
(

∫ uσ(2)

0
duσ(1)(

∫ uσ(3)

0
duσ(2)(...(

∫ uσ(i)

0
duσ(i−1)) . . .)))

×(

∫ 1

uσ(i)

duσ(+1)(

∫ 1

uσ(i+1)

duσ(i+2)(...

∫ 1

uσ(n−1)

duσ(n))) . . .)duσ(i)]

=
∑

σ∈Sn

∫ u

0

ui−1
(i)

(i− 1)!

(1 − u(i))
n−i

(n − i)!
duσ(i)

=

∫ u

0

n!

(i− 1)!(n − i)!
x(i−1)(1 − x)n−idx

=

∫ u

0

x(i−1)(1 − x)n−i

B(i, n− i+ 1)
dx.

Therefore,U(i) is distributed as aBe(i, n− i+ 1) variable.
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(b). The same method used for(U(i1), U(i2) − U(i1), ..., U(ik) − U(ik−1), 1 − U(ik)) gives

F (u1, u2, ..., uk) =
∑

σ∈Sn

[

k
∏

j=1

(

∫ uj

0
(

∫ uσ(ij−1+2)

0
duσ(ij−1+1)

(...

∫ uσ(ij)

0
duσ(ij−1))...)duσ(j))]I{

Pk
j=1 uσ(ij)=1}

=
∑

σ∈Sn

∫

[0,u1]×...×[0,uk]
I{Pk

j=1 uij
=1}

k
∏

j=1

u
ij−1
ij

(ij − 1)!
dui1 ...duik

=
n!

(i1 − i0 − 1)!...(ik+1 − ik − 1)!

×
∫

[0,u1]×...×[0,uk]
[ui1−i0−1

i1
...u

ik+1−ik−1
ik

I{
Pk

j=1 uij
=1}]dui1 ...duik

=
Γ(n+ 1)

Γ(i1)Γ(i2 − i1)...Γ(n − ik)

×
∫

[0,u1]×...×[0,uk]
[ui1−i0−1

i1
...u

ik+1−ik−1
ik

I{
Pk

j=1 uij
=1}]dui1 ...duik

wherei0 = 0 andik+1 = n for the sake of simplicity. Therefore,(U(i1), U(i2) −U(i1), ..., U(ik) −
U(ik−1), 1 − U(ik)) is distributed as a DirichletDk+1(i1, i2 − i1, ..., n − ik + 1).

(c). LetU andV be iid random variables fromU[0,1] and let

X =
U1/α

U1/α + V 1/β
.

Consider the transform

h : (u, v) −→
(

x =
u1/α

u1/α + v1/β
, y = v

)

The distribution ofX conditional onU1/α + V 1/β ≤ 1 is

P (X ≤ x|U1/α + V 1/β ≤ 1) =

∫ x
0 (
∫ (1−z)β

0 |Jh−1(z, y)|dy)dz
P (U1/α + V 1/β ≤ 1)

=

∫ x
0 (
∫ (1−z)β

0 αyα/βzα−1(1 − z)−α−1dy)dz
∫ 1
0 (
∫ (1−v1/β )α

0 du)dv

=

∫ x
0 (β(1 − z)α+β(α+ β)−1αzα−1(1 − z)−α−1dz)

∫ 1
0 (1 − v1/β)αdv
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For computing
∫ 1
0 (1 − v1/β)αdv, we use the change of variablev = tβ. Thendv = βtβ−1dt and

∫ 1

0
(1 − v1/β)αdv = β

∫ 1

0
tβ−1(1 − t)αdt = βB(α+ 1, β) =

αβΓ(α)Γ(β)

(α+ β)Γ(α + β)
.

Therefore,

P (X ≤ x|U1/α + V 1/β ≤ 1) =
Γ(α)Γ(β)

Γ(α+ β)

∫ x

0
zα−1(1 − z)β−1dz.

AndX is aBe(α, β) random variable.

(d). The Renyi representation of

u(i) =

∑i
j=1 νj

∑n
j=1 νj

,

where theνj ’s are iid∼ Exp(1) is the same as the representation of

Y =

∑a
j=1 log (Uj)

∑a+b
j=1 log (Uj)

with a = i, b = n − i andνj = − log(Uj). Problem?? implies thatY is aBe(a, b) rv andU(i)

is Be(i, n − i) distributed. Note that theU(i)’s are ordered,U(1) ≤ U(2) ≤ ... ≤ U(n). Thus, the

Renyi representation gives the order statistics for a uniform sample.

Problem 2.19

By the acceptance-rejection algorithm, letX be the outcome random variable of this algorithm. Then,

P (X ≤ x|U ≤ α) =
P (U ≤ x,U ≤ α)

P (U ≤ α)

= x/α

Hencex ∼ U(0, α).

Probability of acceptance isP (U < α) = α. ForαU method, probability of acceptance is1. For this

method, E(No. of trials)= 1/α (close to 1 forα close to 1 and very big forα close to 0). SoαU method

is more efficient whenα is close to0.

Problem 2.25a

(a) From the distribution of the noncentral chi-squared distribution,(textbook, p582), ifxi ∼ N (θi, 1),

then noncentral chi-squared random variable is
∑p

i x
2
i ∼ χ2

p(λ), where
∑p

i θ
2
i = λ. Then, if we have
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a chi-squared random variable with degree of freedomp − 1, x1 ∼ χ2
p−1, and a standard normal ran-

dom variable,x2 ∼ N (0, 1), let x = x1 + (x2 + k)2, andk is constant. Thenx =
∑p

i y
2
i , where

yp ∼ N (k, 1), yi ∼ N (0, 1), (1 ≤ i ≤ p− 1) and
∑p

i E
2(yi) = k2. If we setk2 = λ, by the definition,

we havex ∼ χ2
p(λ).

Problem 2.29

(a) We have Target density:π(θ|x), and Candidate density,π(θ). In A-R algorithm, boundM is,

M = Sup
θ

π(θ|x)
π(θ)

π(θ|x) =
π(θ)f(x|θ)

C

WhereC is normalizing constant(we can ignore it). Hence,

M = Sup
θ
f(x|θ) = Sup

θ
L(θ|x)

M is determined bySup
θ
L(θ|x), which isL(θ̂MLE|x), by the definition of MLE.�

(b) Let y ∼ g(y), θ ∼ L(θ|x). Then the candidate density isCauchy(0, 1),

g(θ) =
1

(1 − θ)2π

And the target density isN (0, 1) · Cauchy(0, 1),

g(θ)f(θ|x) = (2π)−n/2exp

(

−1

2

n
∑

i

(xi − θ)2

)

1

(1 − θ)2π

from a),M = L(θ̂MLE|x), whereθ̂MLE = 1
n

∑n
i xi,

M =

n
∏

i

1√
2π
exp

(

−(xi − x̄)2

2

)

= (2π)−n/2exp

(

−1

2

n
∑

i

(xi − x̄)2

)

Algorithm is following,

1. Generatey ∼ g, u ∼ U(0, 1).

2. Acceptθ = y if u ≤ L(θ|x)
M =

exp(− 1
2

Pn
i (xi−y)2)

exp(− 1
2

Pn
i (xi−x̄)2)

.

3. Otherwise return to 1.
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Problem 2.31

First, we determine the ratio of the target density to the instrumental density:

f

gλ
=

1

Γ(n)
xn−1λ−1e(λ−1)x ,

where1/Γ(n) is a normalising constant,f is the density of theGa(n, 1) distribution, andgλ is the

density of theExp(λ) distribution. Then we find the bound for the ratio, by differentiating w.r.t.x :

∂

∂x

f

gλ
= (n− 1)xn−2

0 λ−1e(λ−1)x0 + xn−1
0 λ−1e(λ−1)x0(λ− 1) = 0 ,

that is,

x0 =
n− 1

1 − λ

for n > 1 andλ < 1. Also, the second order derivative reduces to
(

n−1
1−λ

)n
(λ− 1)3

(n− 1)2
≤ 0 .

We thus insert the solution forx in the ratio to determine the boundM :

M =
1

Γ(n)

(

n− 1

(1 − λ)e

)n−1

λ−1

Finally, to minimize the bound, we maximizeλ(1− λ)n−1 yielding the solutionλ = 1/n. Inserting the

solution forλ in the bound yields

M =

(

n
e

)(n−1)
n

Γ(n)

and so we can plot the bound as a function ofn.
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Problem 2.35

(a)

P (Z ≤ z) =

∞
∑

i

P (Z ≤ z, Z = xi)

=

∞
∑

i

P

(

Z ≤ z, ith time,ui ≤ ǫi
f(xi)

g(xi)
satisfied.

)

=
∞
∑

i

P

(

Z ≤ z

∣

∣

∣

∣

ith time,ui ≤ ǫi
f(xi)

g(xi)
satisfied.

)

· P

(

ith time,ui ≤ ǫi
f(xi)

g(xi)
satisfied, and1 ≤ j ≤ i− 1, ui > ǫi

f(xi)

g(xi)

)

=

∞
∑

i

P

(

Z ≤ z, ui ≤ ǫi
f(xi)

g(xi)

) i−1
∏

j

P

(

uj > ǫj
f(xj)

g(xj)

)

=

∞
∑

i

∫ z

−∞

∫ ǫi
f(xi)

g(xi)

0
du gi(xi)dxi ·

i−1
∏

j

∫ ∞

−∞

∫ 1

ǫi
f(xi)

g(xi)

du gi(xi)dxi

=

∞
∑

i

∫ z

−∞
ǫif(xi)dxi

i−1
∏

j

∫ ∞

−∞
(g(xj) − ǫjf(xj))dxj

=

∞
∑

i

ǫi

i−1
∏

j

(1 − ǫj)

∫ z

−∞
f(x)dx� (xi = x is iid.)

(b)

Let us change the variableai = ǫi
∏i

j(1 − ǫj),

a1 = ǫ1

a2 = ǫ2(1 − ǫ1) = ǫ2(1 − a1)

a3 = ǫ3(1 − ǫ2)(1 − ǫ1) = ǫ2(1 − a1 − a2)

· · ·
Supposean = ǫn(1 − a1 − a2 · · · − an−1)

By mathematical Induction,an+1 = ǫn+1

n−1
∏

i

(1 − ǫi) − ǫn+1ǫn

n
∏

i

(1 − ǫi)

= ǫn+1(1 − a1 − a2 − · · · − an)
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Then,

∞
∑

i

log(1 − ǫi) = lim
n→∞

log

n
∏

i

(1 − ǫi)

= lim
n→∞

log

(

(1 − a1)

(

1 − a1 − a2

1 − a1

)

· · ·
(

1 −∑n
i ai

1 −∑n−1
i ai

))

= log

(

1 −
∞
∑

i

ai

)

Therefore, if
∑∞

i ǫi
∏i

j(1 − ǫj) =
∑∞

i ai = 1, thenlog(0) = −∞, hence
∑∞

i log(1 − ǫi) diverges.�
If
∑∞

i ǫi
∏i

j(1 − ǫj) = 1, thenP (Z ≤ z) =
∫ z
−∞ f(x)dx, thus we have a valid algorithm if condition

from (b) satisfied.

(c)

• Satisfying example: Letai = P (x = i−1) = e−λλi−1

(i−1)! wherex ∼ P(λ), then
∑∞

i ǫi
∏i

j(1−ǫj) =

1, whereǫi = ai

1−
Pi−1

j aj
.

• Not satisfying example: Let ai = 1
2(1

2)i thenǫi =
1
2i

1+ 1
2i

, and
∑∞

i ǫi
∏i

j(1 − ǫj) = 1
2 , hence not

satisfied.

Problem 2.40

(a). The density of a natural exponential family with respect to a measureν is

f1(x) = exp {x · θ − ψ(θ)}

The logarithm of the density is

log f1(x) = x · θ − ψ(θ)

which is linear inx and hence concave (but notstrictly concave). Thus natural exponential fami-

lies have log-concave densities.

(b). The density of the logistic distribution is

f2(x) =
1

β
+

2

β

exp {−(x− a)/β}
1 + exp {−(x− α)/β} ,
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hence
d2

dx2
log f2(x) = − 2

β2

exp(−(x− α)/β)

(1 + exp(−(x− α)/β))2

which is negative and hence the logistic density is log-concave.

(c). The density of the Gumbel distribution is

f3(x) =
kk

(k − 1)!
exp

{

−k x− k e−x
}

where the parameterk is a natural number. So the logarithm of the density is

log f3(x) = k log k − log {(k − 1)!} − kx− xe−x ,

then
d

dx
log f3(x) = −k + ke−x ,

hence
d2

dx2
log f3(x) = −ke−x

which is negative and hence the logistic density is log-concave.

(d). The density of the generalized inverse Gaussian distribution is

f4(x) ∝ xαe−βx−α/x ,

so the logarithm of the density is

log f4(x) = C + α log x− βx− α/x .

Then
d

dx
log f3(x) = α/x− β + α/x2 ,

hence
d2

dx2
log f3(x) = −α/x2 − 2α/x2

which is negative and the generalized inverse Gaussian density is log-concave.

Problem 3.1

(a) To plot the integrand of the numerator, we can useR commandpersp(), define

f<-function(x,theta){

theta * exp(-(x-theta)ˆ2/2)/(1+thetaˆ2)

}

9



and obtain Figure . Now, the simulation ofδ can be obtained either by extracting the Cauchy

density from both integrals or by extracting the normal density from both integrals, since both

these densities appear in the integrands. The first approachleads to the followingR code:

N=10ˆ4 cau=rt(N,1) delta<-function(x){

mean(cau * exp(-(x-cau)ˆ2/2))/mean(exp(-(x-cau)ˆ2/2))

}

x=seq(-10,10,le=100)

plot(x,apply(as.matrix(x),1,delta),type="l",col="si enna",

xlab="x",ylab=expression(delta(x)),lwd=2)

while the second approach uses

N=10ˆ4 cau=rnorm(N) delta<-function(x){

the=cau+x

mean(the/(1+theˆ2))/mean(1/(1+theˆ2))

}

lines(x,apply(as.matrix(x),1,delta),col="steelblue" ,

lwd=2,lty=3)

and both give identical approximations toδ(x).

(b) If we use the representation of the approximation ofδ(x) as f̄n/ḡn, with f̄n = (f(x1) + · · · +

f(xn))/n [converging tof] and ḡn = (g(x1) + · · · + g(xn))/n converging tog], the normal

approximation of the distributions of̄fn and ofḡn leads to the decomposition

fn

gn
− δ(x) =

f̄n − f

ḡn
+

f

ḡng
(g − ḡn)

=
f̄n − f

σf/
√
n

σf√
nḡn

+
fσg√
nḡng

g − ḡn

σg/
√
n

≡ σf√
ng

N (0, 1) +
fσg√
ng2

N (0, 1)

and therefore, if we overlook the dependences between both terms, we can approximate the vari-

ance of the average by
σ2

f

ng2
+

f2σ2
g

ng4
,

itself estimated by
σ̂2

f

nḡn
2

+
f̄n

2
σ2

g

nḡn
4
.

The correspondingR code is given by
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x=rnorm(1,0,2) N=10ˆ4 #Cauchy sample cau=rt(N,1)

fbar=cumsum(cau * exp(-(x-cau)ˆ2/2))/(1:N)

sigf=(cumsum(cauˆ2 * exp(-(x-cau)ˆ2))/(1:N)) - fbarˆ2

gbar=cumsum(exp(-(x-cau)ˆ2/2))/(1:N)

sigg=(cumsum(exp(-(x-cau)ˆ2))/(1:N)) - gbarˆ2

glob=sqrt(((sigf/gbarˆ2)+(sigg * fbarˆ2/gbarˆ4))/(1:N))

plot(fbar/gbar,type="l",xlab="n",ylab=expression(de lta[n](x)),

col="sienna3",lwd=2)

lines(fbar/gbar-2 * glob,col="sienna3",lty=2)

lines(fbar/gbar+2 * glob,col="sienna3",lty=2) #Normal sample

the=rnorm(N,x) fbar=cumsum(the/(1+theˆ2))/(1:N)

sigf=(cumsum(theˆ2/(1+theˆ2)ˆ2))/(1:N) - fbarˆ2

gbar=cumsum(1/(1+theˆ2))/(1:N) sigg=(cumsum(1/(1+the ˆ2)ˆ2))/(1:N) -

gbarˆ2 glob=sqrt(((sigf/gbarˆ2)+(sigg * fbarˆ2/gbarˆ4))/(1:N))

lines(fbar/gbar,type="l",xlab="n",ylab=expression(d elta[n](x)),

col="steelblue4",lwd=2)

lines(fbar/gbar-2 * glob,col="steelblue4",lty=2)

lines(fbar/gbar+2 * glob,col="steelblue4",lty=2)

we can find that the sample based on the normal density has a smaller variability than the one

based on the Cauchy density.

Problem 3.3

.1 (a)

• Algorithm: FindP (z > 2.5) based on indicator function:
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1. Generatez ∼ N (0, 1)

2. Assign

Ii =







1, if z > 2.5

0, otherwise

3. FindΦ̂(2.5) = 1
n

∑n
i Ii, andV ar(Φ̂(2.5)) = Φ̂(2.5)(1 − Φ̂(2.5))/n.

4. Find accuracy,z0.975

√

V ar(Φ̂(2.5)) − z0.025

√

V ar(Φ̂(2.5)) for 95% probability.

5. Repeat until the accuracy becomes less than 0.001.

• Simulation: Up to the 189000 sample size, we have accuracy less than 0.001, and approximating

probability is 0.006188172.

.2 (b)

• Algorithm: ShowP (x > 5.3) ≈ 0.005 based on indicator function:

1. Generatex ∼ G(1, 1)

2. Assign

Ii =







1, if x > 5.3

0, otherwise

3. Findγ̂(5.3) = 1
n

∑n
i Ii, andV ar(γ̂(5.3)) = γ̂(5.3)(1 − γ̂(5.3))/n.

4. Find accuracy,γ0.9975

√

V ar(γ̂(5.3)) − γ0.0025

√

V ar(γ̂(5.3)) for 99.5% probability.

5. Repeat until the accuracy becomes less than 0.001.

• Simulation: When we simulate 177000 sample sizes, we have three-digit accuracy with 99.5%cut-

off. and the mean value is 0.004909605, almost the same as 0.005, hence proved.

Problem 3.14

From the four instrumental densities where0 < x <∞,
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• Simulatingx ∼ g1

g1(x) ∼ Double Exponential(0, 1),we can changeg1(x) ∼ E(1).

• Simulatingx ∼ g2

g2(x) is not any known density, so we generate random variables from A-R algorithm. With can-

didate densityE(
√

2), we findC = sup
x

f(x)
g2(x) =

√
2ex∗

e
√

2x∗+e−
√

2x∗+2
, andx∗ = log(3+2

√
2)√

2
. As we

see, this distribution is asymmetric around zero, so the normalizing constant for truncating only

positive part is just1/2.

• Simulatingx ∼ g3, g4

We find truncate negative ofg3(x) ∼ C(0, 2), andg4(x) ∼ N (0, 1) with naive algorithm, which

just takes positive values from original density. Because we can expect that algorithm retrieves

50% from whole generation from original, it is not computationally bad. As the same asg2(x),

the normalizing constant for truncation is1/2.

Then we can find sample standard deviations from four instrumental densities by,

Ef (x) ≈ 1

m

m
∑

i

xi
f(xi)

g(xi)

and

Vf (x) ≈ 1

m2

m
∑

i

[

xi
f(xi)

g(xi)
− 1

m

m
∑

i

xi
f(xi)

g(xi)

]2

Wherex ∼ g.

From above formulas, we can estimate the size ofM needed to obtain three digits of accuracy in esti-

matingEfX.
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