Problem 2.6

(@). LetU ~ U1y and X = h(U) = —log (U)/A. The density ofX is |J,-1(x)|, where.J;, -1 is the

(b).

(©).

(d).

Jacobian of the inverse of the transformatioriThen, X ~ Exp(\).

Let(U;) be a sequence of ild|y ;) random variables and
Y =-2) log(U;).
j=1

ThenY is a sum ofv Exp(/12) rv's, that is, ofv x3 rv’s. By definition, Y is thus a chi-squared
variable:Y ~ x2,.

LetY = —§ 375, log (U;). Using the previous result3Y” ~ x3,, thatis24Y ~ Ga(a,1/2).
ThereforeY ~ Ga(a, 3).

Let u
_ >_j=1log (U;) _ 1
Yilog (U)  1+M/Y2
whereY; = — 3% log(U;) andYs = —Zgizﬂ log (U;). Using the previous result with

B = 1,we haveY; ~ Ga(a, 1) andYs ~ Ga(b, 1). Denote byf, f, and f5 the density functions
of Y, Y7 andY; respectively. Using the transformatién (Y3, Y2) — (Y, Y3), we obtain

fy) = AmUhﬂ%mﬂﬁ@ﬂé—Uﬁﬂwmm
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Therefore, Y is &e(a, b) random variable.

We use the fact that iK' ~ F,, ,, then m’féx ~ Be(m,n). Thus, we simulat&” ~ Be(m,n)
using the previous result and take= n(’ln—_yy)

LetU ~ Uy, andX = h(U) =logU/1 — U. The density ofX is then

et
(14 e2)2

with h=1(z) = e™®/1+e~%. ThenX is a Logisti¢0,1) random variable. Using the fact
that 3X + p is a Logisti¢y, 3) random variable, generatinglé, ;) variable and taking\' =

BlogU/1 — U + pn gives a Logisti€u, ) variable.

fla)= (") (2)| =



Problem 2.13

(a). Suppose that we have a sequenc€axgf(\) rv's X; with cdf F'. Then the cdf of the sunX; +
.. + X, is the convolution

n—1 k
Fxygoix, () = F" (z) =1 — ™ (xk)\')
k=0 ’

and the probability thak’;y + ...+ X,, <1< X1 +...+ X1 s

ol *(1) F(n 1) _1_ x)\z o _( _e)\zn:z_]:>

(b). We takeX N—1thatmean§[Y | u; < cand[]Y; ul > c. So, we have-+ " logu; > 1

and—; log u; < 1 which is equivalent to (a) as log u; ~ Exp(\)
Problem 2.17
(@). To find the distribution ot/(;) over all possibilities of ordering/y, ..., Uy, into U;) < Ug) <

s < Uy, let &y, be the set of the permutationsof {1,...,n}. (It containsn! elements.) The
cdf of U(z) is

FU(i)(u) = P(U
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Therefore U, is distributed as &e(i,n — i + 1) variable.




(b). The same method used @, ), U(Z-Q) = Uiyy - Uiy — U

F(ul,u2, ,uk)
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whereip = 0 andiy 1 = n for the sake of simplicity. Therefor¢l/; ),

(c). LetU andV be iid random variables fro1), ;) and let

Consider the transform

P(X < z|UY +
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- UYe VB

ul/a
h: (u,v) — T= ey T

The distribution ofX conditional onUY/* + V1/8 < 1is

V8 <1)

T —z)B
S Ty (2, 9)|dy) dz
P(UYe 4+ V1B <1)

T —z)P « a— —a—
IN (fo(l ) ay®/P 211 - 2)

1-U,)) gives

}]duZl dug,

:1}]dui1 dulk

U(Zz) - U(i1)7 ceey U(Zk) -
1 —Uy,)) is distributed as a DirichleDy, 1 (i1, i2 — i1, ..., — i, + 1).
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For computingfo1 (1 — v'/P)dv, we use the change of variahle= t°. Thendv = 3t%~1dt and

afT()T(B)
(a+pB)T(a+8)

1 1
/ (1 —v/B)dy = ﬁ/ 711 — t)*dt = BB(a + 1,0) =
0 0
Therefore,

P(X <z|UY*+ VY8 <1)= w/ 20711 = 2) 1,
0

(a+p5)
And X is aBe(a, 5) random variable.
(d). The Renyi representation of 4
o — Z;‘:l Vj
© > i1 vy’

where they;’s are iid~ Exzp(1) is the same as the representation of

Z?:l log (U;)

>5tylog (U)

with a =4, b = n — i andv; = —log(U;). Problem?? implies thatY" is aBe(a, b) rv andU;
is Be(i,n — i) distributed. Note that th&;)'s are ordered{/(;) < Uy) < ... < Uy,y. Thus, the
Renyi representation gives the order statistics for a umifsample.

Problem 2.19
By the acceptance-rejection algorithm, Jétbe the outcome random variable of this algorithm. Then,

PU<z,U<a)

PX salUse) = —F5 25

= z/a
Hencexr ~ U(0, av).
Probability of acceptance B(U < «) = «. ForaU method, probability of acceptancelis For this

method, E(No. of trials} 1/« (close to 1 forx close to 1 and very big far close to 0). SaxU method
is more efficient whem is close to0.

Problem 2.25a

(a) From the distribution of the noncentral chi-squared distibn,(textbook, p582), it; ~ N (6;,1),
then noncentral chi-squared random variabl® z? ~ Xf,(A), where>"F6? = \. Then, if we have



a chi-squared random variable with degree of freegom1, x; ~ Xf,_l, and a standard normal ran-
dom variablegs ~ N(0,1), letz = z; + (22 + k)%, andk is constant. Them = > ?y2, where
yP ~ N(k, 1),y ~ N(0,1), (1 <i<p-—1)and}.? E*(y;) = k2. If we setk? = ), by the definition,
we haver ~ x2(\).

Problem 2.29

(a) We have Target densityt(6|z), and Candidate density,(6). In A-R algorithm, bound/ is,

I (2E)
M= Sep m(0)
w(6le) = 0219

Where(' is normalizing constant(we can ignore it). Hence,

M = Supf(x|0) = SupL(0|x)
0 0

M is determined bySupL(6|x), which is L(#™F|z), by the definition of MLEg
0
(b) Lety ~ g(y), 6 ~ L(A|x). Then the candidate densityd&uchy(0, 1),

1
g(0) = m

And the target density i8/(0, 1) - Cauchy(0, 1),
9(0)f(01x) = (27) " exp L Zn:(w' —6)? B
2 ! (1—0)2r
from a), M = L(OMF|z), wheredMLF = L5~ g,
n L= 2 n
M= 1:[ \/12_7Te:np <—w> = (2m) " 2exp <—% Z(ajl - :Z")2>

Algorithm is following,

1. Generate ~ g, u ~ U(0,1).

o LOx) _ exp(—3 X (@i—y)?)
_ = < = :
2. Acceptt) =y if u < =7 (=L ST @—a)?)

3. Otherwise return to 1.




Problem 2.31
First, we determine the ratio of the target density to th&imsental density:
S b mey-10-ne
g I'(n)
where1/T'(n) is a normalising constantf is the density of th&ja(n, 1) distribution, andg, is the
density of the€zp(\) distribution. Then we find the bound for the ratio, by diffeiating w.r.t.z :

a f n— — —1)z n— — -1z
a—gﬂg—)\:(n—l)mo 2A\TLeP o g gn=ly—leG-Dro(y _ 1) =0,

that is,
n—1

T 1o
forn > 1 and\ < 1. Also, the second order derivative reduces to
n
(i) 0-v*
(n—12% =

o

We thus insert the solution far in the ratio to determine the bourd:

M= <<1n —_;)e)n_lxl

Finally, to minimize the bound, we maximi2¢1 — \)"~! yielding the solutiom\ = 1/n. Inserting the
solution for X in the bound yields

_(®)" s
M= I'(n)

and so we can plot the bound as a functiom of



Problem 2.35
(@)

P(Z<z) = iP(ZS%Z:wi)

= f
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(b)

Let us change the variablg = ¢; [T} (1 — ¢;),

aq ==
a =

as ==

Supposer, =

By mathematical Inductiony,,.; =

i—1
= ZEZH (1—¢j) / f(x)
j —00

—¢;f(x)))dz;

)dxg (x; = xisiid.)

€1
62(1 — 61) = 62(1 — al)
63(1 — 62)(1 — 61) = 62(1 — a1 — CLQ)

en(l—ay—ag - —ap—1)
n—1 n

€n+1 H(l — €) — €nt1€n H(l —€;)
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en+1(l —a1 —az — - —ap)

)

)



Then,

Z log(1—¢;) = lim log H(l —€)
1—a; — 1->"a
— lim log (l_al)<M>... 1oaga
n—o00 1—a l_zi a;
= log <I—Zai>

Therefore, ify3° e; [15(1 =€) = 37 a; = 1, thenlog(0) = —oo, hence)"5° log(1 — ;) divergess
If > e H (1—¢) =1,thenP(Z < z) = [*__ f(x)dx, thus we have a valid algorithm if condition
from (b) satisfied.

(©

e Satisfying example: Leta; = P(x = i—1) =
1, wheree; =

ﬁ wherez ~ P(X), theny ° ¢ [T} (1—¢;) =
1_2571 a; .

1 .
e Not satisfying example: Leta; = 3(3)° thene; = 2 andy " 6 [T5(1 —¢) = 3, hence not
satisfied. B

Problem 2.40

(a). The density of a natural exponential family with reg¢ge@ measure is

fi(z) = exp{z -0 —(0)}
The logarithm of the density is
log fi(x) =z -6 —(0)
which is linear inz and hence concave (but retictly concave). Thus natural exponential fami-

lies have log-concave densities.

(b). The density of the logistic distribution is

12 exp{-(z-a)/B}
Fa(w) = i) * Bl+exp{—(r—a)/B}’

8



(©).

hence 2 2 (—(z—a)/B)
——lo T)=—"75 v
&) = e 1 exp(—(e — 0)/B))

dx?

which is negative and hence the logistic density is log-ewac

The density of the Gumbel distribution is
K _
fa(x) = (k_l)!exp{—kw—ke }

where the parametéris a natural number. So the logarithm of the density is

log f3(x) = klogk —log {(k — 1)!} — kx —xe™®,

then

% log f3(x) = =k + ke™ ",

hence )

d .
) log f3(z) = —ke

which is negative and hence the logistic density is log-aesac

(d). The density of the generalized inverse Gaussian bligion is
fa(x) x e Pr—a/r
so the logarithm of the density is
log fi(x) = C + alogz — Sz — o/z.
Then J
——log fs(w) = a/z — f +a/a*,
dx
hence
i 1 2 _2a/x?
) og f3(x) = —a/x” — 2a/x
which is negative and the generalized inverse Gaussiaritgénkg-concave.
Problem 3.1

(a) To plot the integrand of the numerator, we can Rssommandoersp(), define

f<-function(x,theta){
theta *exp(-(x-theta)"2/2)/(1+theta™2)
}



and obtain Figure . Now, the simulation éfcan be obtained either by extracting the Cauchy
density from both integrals or by extracting the normal dgnfsom both integrals, since both
these densities appear in the integrands. The first appteadh to the followindgR code:

N=10"4 cau=rt(N,1) delta<-function(x){
mean(cau * exp(-(x-cau) 2/2))/mean(exp(-(x-cau)"2/2))
}

x=se((-10,10,le=100)

plot(x,apply(as.matrix(x),1,delta),type="I",col="si enna’,
xlab="x",ylab=expression(delta(x)),lwd=2)

while the second approach uses

N=10"4 cau=rnorm(N) delta<-function(x){

the=cau+x
mean(the/(1+the"2))/mean(1/(1+the”2))
}
lines(x,apply(as.matrix(x),1,delta),col="steelblue" :
Iwd=2,Ity=3)

and both give identical approximationsdor).

If we use the representation of the approximatio @f) as f,,/g,, with f, = (f(z1) +--- +
f(x,))/n [converging tof] and g, = (g(z1) + --- + g(x,))/n converging tog], the normal
approximation of the distributions ¢f, and ofg,, leads to the decomposition

& . _ fn_f i -
9n (=) In +_§ng(g n)
_ fn—F of + fog 89— 0n
Uf/\/ﬁ Vngn  \/ngng og/v/n
- 9r fog
= N(0,1) + g N(0,1)

and therefore, if we overlook the dependences between &otist we can approximate the vari-
ance of the average by

o}, fo

ng2  ngt’
itself estimated by

0 | fo

ng,?> = ng,t

The correspondingR code is given by
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x=rnorm(1,0,2) N=10"4 #Cauchy sample cau=rt(N,1)

fbar=cumsum(cau *exp(-(x-cau)"2/2))/(1:N)

sigf=(cumsum(cau™2  *exp(-(x-cau)"2))/(1:N)) - fbar2

gbar=cumsum(exp(-(x-cau)2/2))/(1:N)

sigg=(cumsum(exp(-(x-cau)™2))/(1:N)) - gbar™2

glob=sqrt(((sigf/gbar™2)+(sigg *fbar"2/gbar”4))/(1:N))

plot(fbar/gbar,type="I",xlab="n",ylab=expression(de lta[n](x)),
col="sienna3",lwd=2)

lines(fbar/gbar-2 * glob,col="sienna3",Ilty=2)

lines(fbar/gbar+2 * glob,col="sienna3",Ity=2) #Normal sample

the=rnorm(N,x) fbar=cumsum(the/(1+the"2))/(1:N)

sigf=(cumsum(the"2/(1+the"2)"2))/(1:N) - fbar 2

gbar=cumsum(1/(1+the"2))/(1:N) sigg=(cumsum(1/(1+the "2)°2))/(1:N) -

gbar2 glob=sqrt(((sigf/ghar"2)+(sigg * fbar"2/gbar”4))/(1:N))

lines(fbar/gbar,type="1",xlab="n",ylab=expression(d elta[n](x)),
col="steelblue4",lwd=2)

lines(fbar/gbar-2 * glob,col="steelblued",lty=2)

lines(fbar/gbar+2 * glob,col="steelblue4",lty=2)

we can find that the sample based on the normal density haslesraiability than the one
based on the Cauchy density.

Problem 3.3
1 (@

e Algorithm: Find P(z > 2.5) based on indicator function:
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. Generate ~ N(0,1)
. Assign

1, ifz>25
I; =
0, otherwise

. Find®(2.5) = L 3" I;, andVar(9(2.5)) = &(2.5)(1 — &(2.5))/n.

. Find accuracy;g o751/ Var(®(2.5)) — 20,0251/ Var(®(2.5)) for 95% probability.

. Repeat until the accuracy becomes less than 0.001.

e Simulation: Up to the 189000 sample size, we have accuracy less than, @u@@approximating
probability is 0.006188172.

e Algorithm: ShowP(x > 5.3) ~ 0.005 based on indicator function:

. Generate: ~ G(1,1)

. Assign

/ 1, ifz>5.3
Z 0, otherwise

. Find4(5.3) = 2 3" I;, andVar(4(5.3)) = 4(5.3)(1 — 4(5.3))/n.
. Find accuracyyo 9975/ Var(9(5.3)) — v0.00251/ Var(%(5.3)) for 99.5% probability.

. Repeat until the accuracy becomes less than 0.001.

e Simulation: When we simulate 177000 sample sizes, we have three-daitacy with 99.5%cut-
off. and the mean value is 0.004909605, almost the same @5,Ménce proved.

Problem 3.14

From the four instrumental densities whére: x < oo,

12




e Simulatingx ~ g1
g1(x) ~ Double Exponential(0,1),we can change;(z) ~ £(1).

e Simulatingx ~ g2
g2(z) is not any known density, so we generate random variables féR algorithm. With can-

didate densit;éf(\/i), we findC' = supg’;(é)) = eﬁz*‘ﬁiiiz*ﬂ, andz* = w. As we

see, this distribution is asymmetric around zero, so thenabzing constant for truncating only

positive part is just /2.

e Simulatingx ~ g3, g4
We find truncate negative a@f(x) ~ C(0,2), andgs(z) ~ N(0,1) with naive algorithm, which
just takes positive values from original density. Becaugecan expect that algorithm retrieves
50% from whole generation from original, it is not computatlly bad. As the same as(x),
the normalizing constant for truncationlig2.

Then we can find sample standard deviations from four insniat densities by,

m =" g(x;)
and )
= 3 e
Wherezx ~ g. Z Z

From above formulas, we can estimate the sizd/oheeded to obtain three digits of accuracy in esti-
mating £y X
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