Course: STA6934- Monte Carlo Statistical Methods

Instructor: Professor Casella

Assignment 3

Problem 5.1

After the simulation, both numerical maximizer built in R and MC method returns the same objective
value 3.832543. However, the x = 0.3791249 in numerical maximizer, and x = 0.563327 in MC
method.

Problem 5.9ab

a) The conditional pdf of X;|Z; = 2; is fx,|z,—,(%il2i) = zig(w;) + (1 — 2)h(x;) and the pdf for
Z; ~ Ber(0) is fz,(z) = 67 (1 — )t~ =
Thus, the complete data likelihood is

L0z, 2) = Iy fx,|z,== (Til2i) f2,(20)
= I} [zig(xi) + (1 — 2i)h(x:)]0% (1 — 6)' >

b) Notice that

[zig(as) + (1 — z;)h(2;)]07 (1 — §)1 =
0g(z:) + (1 — 0)h(x;)

tg(xi)
0g(zi) + (1 — 0)h(z;)

= E[Zi0,xi] = 0% fz,x,=2,(0lzi) + 1 % fz,)x, =0, (1|zi) =

Now, let’s consider
E; [logL®(f|z,2)] = Z/logf(m,-,zi)*k(zﬂém,azi)dzi
i=1

= Z /[log(zig(a:i) + (1 — z)h(x:)) + zilogh + (1 — z)log(1 — 0)] * k(2| 0m, x:)dz;
i=1

n

= > llogg(a:) + logh] = k(1|6m, z:) + > _[logh(x;) + log(1 — 0)] * k(0]0m, ;)
=1 i=1

take the first derivative w.r.t @ and set to O to solve
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Problem 5.10
(a). The likelihood is

L(Ofx) = H[pAe M (L= e,

and the complete-data likelihood is

12

Le(0]x,2) = [ ] [pAe T izimny + (1 = plue (. s)],
=1

where 6 = (p, A\, 1) denotes the parameter. Let

12
H(zy,- 012,21, Zhg) = [ [e (25 = 1) + pe *1(Z; = 2))
i=1

then it is easy to check the likelihood h(p, A, (1) can be expressed as E[H (z1, -+ , 212, Z1,- - , Z12)).

(b). Let g(z) be a Bernoulli distribution with parameter ¢, thatis, P(z = 1) = 1 — P(z = 2) = q.

The approximation (5.26) writes

i 1 & )%, 9
om 223 9(z")
where z() = (zgj ) ey zg)) are simulated from g. Then,
. | oL 2 AP gl Gy 4+ (1= )2t (1= )T 6oy,

hm 0 = — 2 7 ,
NRT ; E pAe= A + (1 — p)pe=hai

and the approximation used in Example (5.25) becomes

m 12

LS e
S poAOe—Aomz (Z(J)_l) (1 — po)poe=Ho®i (z=2)|"




For every given value 7 = (po, Ao, 1) of the parameter, the variance of the estimator of / is finite
for every 0 = (p, A, ). In term of computation, the approximation of Example (5.25) is easier
than (5.26) because the denominator no longer depends on 6 as in (5.26) and it thus leads to faster

estimation.

The EM algorithm is based on the optimization of the expected log-likelihood

12
) — —ATi\ P, - _ —HTi\ P, —
mewx»—EQMg@m )Py, (i = 1)+ log (1= ppe ™) By (2 =2)].
The arguments of the maximum are
(1) = P/12
A+ = 51/P

fij+1) = 52/ P,

where )
512 p
P = Zi:l Po(j)(zz 1)
S =S miby (5= 1)
S =32 5Ein(j)(Zi =2),
with
Py e 0
é(j)(Zi:1):1_Pé(j)(Zi: ): Ay — X ~ A —fTi
Pi)Agre "+ (1= ) fige o™
Problem 5.17
d (a)
LBlxy) = [[fwile:B)
= H(‘P(xiﬁ))yi(l — ®(z;8) Y o

2 (b)

The EM algorithm specifies:

ﬂ(m) = argmﬁaxEﬁm_l (log L(8|x,y, 2))
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Because y; is a function of z;, we don’t need to care about y;. Hence,

~ [ (z—x;B)?

log L3I 32 o 3 (- SR ) =z - X7yt (z2 - X7

i

Set

dlog L(Blx,y,2))| _
B [ o3 } -
Then
XEs, ,[Z|X]=X"Xp
So
ﬁm = (XTX)_lEﬁm—l[Z|X]
3 (o)
If y; = 1, then
Es(Zi|xi,yi =1) = 1 [/+OO(Z- — 2l B)p(Z; — 2 B)dZ; + =13 /+OO o(Z; — :U»TB)dZ-]
B\Li|Lis Yi (I)(JJZTﬁ) 0 7 i 7 i % i 0 i 3 i
= oy ([ 6@l az o0 - vl o)
(b(xz"ﬂ) 0 1 K3 7
_ #]B) | r
= a@rp)
Similarly, if y; = 0, then
o — oy = @B g
Eﬂ(Zz|xuyz = 0) 1 (I)($ZTﬁ)) + x; B

Problem 5.24

The observed data likelihood is L(6|z) = [1 — F'(216)][1 — F'(244)]II, f(xs; o, B, 7).
The complete data likelihood is L¢(0|z,2) = f(z1)f(z2)II[", f(x;) where z = (21, 22) is the

missing data.Thus, we obtain

_ Le(Olx,z) f(z1)f(22)
k(z]0,x) = Llz) 1 F(2161)][1 —QF(244)]

and
By, logLé(8lz,2) = / logf(21) +log  (22) + " 0gf (x:)] * k(210, 2)dz
=1

= ) logf(w:) + Eg,[logf(21)] + Ep, [logf (22)] ()
i=1



a) Fory =100 and a = 3
Consider (x), take the first derivative w.r.t § and set to 0, i.e

m

+ap (@i =) + Eg (21 = 1) + Eg, [(22 = 7)°]]
i=1

(m+2)a

0=

#a=3,c=100

>
>
>
>
>
>
+
+
>
>
>

x=c (143,164,188,188,190,192,206,209,213,216,220,227,230,234,246,265,304);
f=function(z,a,b,c){((z-c) " (a+2))*xaxexp(-((z-c)/b) "a)*b”" (-a) };
g=function(z,a,b,c){((z-c)  (a-1))* a*rexp(-((z—-c)/b) "a)xb” (-a) };

beta=c (1:8);

beta[1]1=100;

for(i in 1:7){
beta[i+l]=((sum((x-100) "3)+integrate(f,216, Inf,a=3,b=beta[i], c=100) Svalue/inte
}

plot (beta, type='1’,main="EM sequence for alpha=3,gamma=100");

#the EM estimator is

betal[8];

[1] 130.4318

b) For v = 100 and o unknown

#c=100 and a unknown

>
>
>
>
+
+
+
+
+
+
+
+
+
+
+

x=c (143,164,188,188,190,192,206,209,213,216,220,227,230,234,246,265,304);
theta=array(0:0,c(20,2));

thetall, ]=c(3,130);

for(i in 1:19) {

#generate z1 and z2
we=thetal[i,2]* (-log(runif (1000))) " (1/thetali,1])+100;
sizel=sum(as.numeric (we>216));

zl=c(l:sizel);

k=1;

for(j in 1:1000) {if(we[]]1>216){zl[k]l=we[]]; k=k+1} }
size2=sum(as.numeric (we>244));

z2=c(l:size2);

k=1;

for(l in 1:1000) {if(we[l]1>244){z2[k]l=we[l]; k=k+1} }
#EM step



ex=function(p) {-(19%x1log(p[1l])-19xp[l]lxlog(p[2])+(p[1l]-1)+*sum(log(x—100))—sum( (
theta[i+1, ]=nlm(ex,c(thetali,])) Sestimate;

}

par (mfrow=c(1,2));

plot (thetal[,1],type="1’,ylim=c(3,4),main="EM sequence for alpha (gamma=100)");
plot (thetal,2],type="1",ylim=c(130,135),main="EM sequence for beta (gamma=100)"
#the MCEM estimator is

thetal[20,]1;

[1] 3.362795 131.786271

vV V VvV V V + + +

c¢) For all parameters unknown

#all parameters unknown
x=c(143,164,188,188,190,192,206,209,213,216,220,227,230,234,246,265,304);
theta=array (0:0,c(20,3));

thetal[l, ]=c(3,131,100);

for(i in 1:19){

#generate z1 and z2
we=thetal[i,2]* (-log(runif (1000))) "~ (1/thetali,1])+100;
sizel=sum(as.numeric (we>216)) ;

zl=c(l:sizel);

k=1;

for(j in 1:1000) {if(we[]J]1>216){zl[k]l=we[]]; k=k+1} }
size2=sum(as.numeric (we>244));

z2=c(l:size2);

k=1;

for(l in 1:1000) {if(we[l]1>244){z2[k]=we[l]; k=k+1} }

#EM step

ex=function(p) {-(19+log(p[1l])-19+p[l]l+log(p[2])+(p[1l]-1)*sum(log(x-p[3]))—sum/
theta[i+1l, ]=nlm(ex,c(thetali,])) Sestimate;

}

par (mfrow=c (2,2));

plot (thetal[,1l],type=’1l",main="EM sequence for alpha");
plot (thetal,2],type="1’,main="EM sequence for beta");
plot (thetal[,3],type=’1l",main="EM sequence for gamma");

#the MCEM estimator is
theta[20,];
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[1] 2.792445 108.797566 120.883778

Problem 5.29

a) Let’s consider the complete data log likelihood

logL(0|z,z) = (22 + x4)logl + (z2 + x3)log(1l — 0)
1) 2o+ x4 T2+ 73
2 JogL _ _
= (mlog 0|z, z) 7 10
52 2o+ x4 X2+ 23
T e L pu— _— J—
= 592l09 0|z, z) 2 1-0)y

It follows that

E(Zz) —+ x4 T2 + x3

EilogL(le, z) =

06 0 1-40
) Ez2 4+ 2x4Ez + 22 To + x3 2(xo + x3)(Ezy + x4)
El—loaL(0 2 _ 2 4 2
= B[ 1ogL(0]r. ) £ (2t s
52 Fzo 4 x4 T2 + T3
E—logL(6 = — —
502 Og ( "TVZ) 92 (1 _ 0)2

Therefore, applying (5.22), we obtain

52 T4 x9+m3 Ez E23 214 T + T3 3 (w3 + x3)?
—logL(# = —— — — — =2 E —= 4=
52 9L (017) 2 -2 @ e e aoe)Prt g T aee
oot ay)es (224 x3)?  xf  (Bz)® | 2w4(wg+13) 2m4Fz | 2(z2+x3)E2
0(1—0) (1—6)2 62 62 0(1—0) 62 6(1—0)
Ez(1—0)? +24(1 —0)? + (z2 +23)0% 1
= - (1 — ) + @VCWZQ
b)

> #Reproduce the EM estimator and its standard error
> theta=c (1:25);
> theta[l1l]=0.6;
> sd=c(1:25);
> x1=125;
> x2=18;
> x3=20;
> x4=34;



#do the iteration

for(i in 1:24) {

ex=(theta[i]*x1l)/ (2+thetal[i])

theta[i+l]=(ex+x4) / (ex+x2+x3+x4)

sd[i]=sqgrt ((ex/theta[i+1] "2+x4/theta[i+1] "2+ (x2+x3)/ (1-theta[i+1])"2) " (-1))
}

sd[25]=sd[24];

#plot the EM sequence +- one standard deviation

plot (theta,ylim=c(0.55,0.70),type=’'1",xlab="iteration",main="Problem 5.29(b)")
lines (theta+sd, 1ty=2);

lines (theta-sd, 1lty=2);

#the EM estimator is

theta[25];

[1] 0.6268215

vV V V VvV vV VvV V + + 4+ 4+ V V

> #the standard error 1is
> sd[25];
[1] 0.04792882

c)

#Produce the MCEM estimator and its standard error
nsim=100;

theta=c (1:25);

theta[l1l]=0.6;

sd=c (1:25);

x1=125;

x2=18;

x3=20;

x4=34;

#do the iteration

for(i in 1:24) {

ex=mean (rbinom(nsim, x1,thetal[i]/ (2+theta[i])))
theta[i+l]=(ex+x4) / (ex+x2+x3+x4)

sd[i]=sqgrt ((ex/theta[i+1] "2+x4/theta[i+1] "2+ (x2+x3)/ (1l-theta[i+1]) "2) " (-1))
}

sd[25]=sd[24];

vV V + + 4+ 4+ V V V V V V V V V V V

#plot the MCEM sequence +- one standard deviation



plot (theta,ylim=c(0.55,0.70),type="'1",xlab="iteration",main="Problem 5.29(c)")
lines (theta+sd, 1lty=2);

lines (theta-sd, 1lty=2);

#the MCEM estimator is

theta[25];

[1] 0.6277794

vV V V V V

> #the standard error is
> sd[25];
[1] 0.04784231

Problem 6.7

The transition matrix
00 04 06 00 0.0

0.65 0.0 035 0.0 0.0
P=1032 068 0.0 0.0 0.0,
0.0 00 0.0 012 0.88
0.0 00 0.0 056 044

has two diagonal blocks that show two irreducible classes {1,2,3} and {4,5}. The chain is therefore

reducible. On each class, it is aperiodic.

Problem 6.21

P(Zpyi1=vy,Zp =x)
P(Z, =x)
PYoyp1=y—x,Z,=1)
P(Z, =x)
P(Yp1=y—2)P(Z, =)
P(Z, =x)
= PYy1=y—2)

P(Zypi1 =ylZy =2) =

Thus, Z,, is a Markov chain. However, it’s NOT irreducible.



Problem 6.12a

Let’s consider

diagP* = (0,0,0,0,0)
diagP? = (0.432,0.493,0.43,0.4928,0.5087)
1ag = . , 0. , 0. ,0.00,0.
diagP? 0.2924,0.2924, 0.2896, 0.00, 0.0028
1ag = . , 0. , 0. , 0. , 0.
diagP* 0.2958, 0.3473, 0.2968, 0.2525, 0.270
1ag = . , 0. , 0. , 0. , 0.
diagP® 0.3284,0.34625, 0.3245, 0.00181, 0.0094

Thus, the periods of each state are dy = do = d3 = dy = ds = 1 which implies that the chain is

aperiodic.

Problem 6.22

(a).

(b).

(c).

For every n, the conditional distribution of X,, 1, given x,, 5,1, ..., Tg is the same as the distri-

bution of X, given x,. Thus (X,,) is a Markov chain.

Letny, ng be two states (n, ng are two positive integers). We have, if ny < ng, K" (nq,ng) =
p2~™ > 0and K™ ™ (ng,ny) = (1 —p)™2~™ > 0,ifng = ny = n > 0, K?(n,n) =
2p(1 —p) > 0and K(0,0) = 1 —p > 0. We conclude that every pair of states of (X,,) can
be connected in a finite number of steps with positive probability and thus that the chain (X,) is

irreducible.

Let a = (a1, ag,...) be a distribution. « is invariant of the chain if, and only if, alP = a, where
P is the transition matrix of (X,,). This is equivalent to (1 — p)(ag + a1) = ap and for every
kE > 0, pax + (1 — p)agso = ags1, or, still equivalently, a; = 1Tppao and for every k > 0,
pag + (1 — p)ary2 = apy1.

The recurrence equation pay + (1 — p)akr2 = ax11 has the characteristic equation
(1=p)p* —p+p=0,
which solves into p; = l%p and po = 1. The recurrence solves into
a, = ap} + Bpb

Substituting this result into ag and a1 gives o = ag and § = 0. Therefore, the invariant distribu-

{2 )

tion of the chain is
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where ag is arbitrary and ay, is the probability that the chain is at state k. To be a probability, a

must satisfy

that is,

(d). If Y~ ag < oo and X, ~ a, we have

P(Xn+1 - IC)

(o) o0
Zak<oo and Zakzl,
k=0 k=0

_1-=2p
=1,

1
ag D < 5.

> P(Xng1 = k| X, = j)P(Xn = j)
j=0

P(Xpi1 =kl Xp =k —1)P(Xp,=k—1)
P(Xpi1 = k| X, =k+1)P(X, =k+1)

pag—1+ (1 —plagy1 =

(85) (i)

Therefore, the invariant distribution is also a stationary distribution of the chain and then the chain

is ergodic.

11



