Course: STA6934- Monte Carlo Statistical Methods

Instructor: Professor Casella

Assignment 5

Problem 8.4

Algorithm: We can find that the integrating factor is fo exp )d:c We can transform x¢ = 7, then
xp(

we can find [ exp(—2?)dz = 1T'(1), hence f(z) = o )x %) Also, to use in algorithm, we

sa.\»—‘

find f(x) > u, which results x < [ log ( ra/d )] 1/d.

e Set starting point (z, ) in {( u):0<u< %}’
d

e At iteration t, simulate

Lot~y (0, 42
d

2. 2D ~ Uy (0 [—1og( ra/d) )}1/01)

Simulation: For (1000, 10000, 100000) simulations for each d = {0.1,0.25,0.4}. For each graph, a

histogram is the simulation results, and a solid line is f(x) = % We can check that the d
d

is larger, then histogram is more filling under the area of f(x).

Problem 8.5

Here is the data,

Quartile 0.00000 | 0.67000 | 0.84000 | 1.28000 | 1.64000 | 1.96000 | 2.33000
Probability | 0.50000 | 0.74857 | 0.79955 | 0.89973 | 0.94950 | 0.97500 | 0.99010
Slice 0.50099 | 0.74953 | 0.80054 | 0.90061 | 0.95050 | 0.97584 | 0.99034
IID Sampler | 0.49887 | 0.74929 | 0.80049 | 0.90141 | 0.95139 | 0.97539 | 0.99011

The first row shows quantiles, and the second row represents corresponding probabilities. The third
rows shows the empirical probabilities of corresponding quantiles derived by slice sampler, and the forth
represent IID sampler in R system, for 100,000 sample size for both. Both sampler gives similar results,

however, slice sampler takes 5.77 seconds, but IID sampler takes only 0.32 second.



Problem 9.2

Let (x, yo) be the starting point, and that suppose we actually use only z¢. From standard properties of

the conditional distribution of the bivariate normal, we have
Yo ~ N(pxo,1— p?)

Now, conditional on Yy,
X1~ N(p%, 1- ﬂ2)

Thus hives us the GS. Combining these two facts, we see that unconditionally,
X1~ N(p*zo,(1 = p?) + p*(1 = p*)) = N(p*z0,1 - p*)
Iterating this kind of calculation, we see that unconditionally,
Xpn ~ N(p*"x0,1 = p*™)
R-code:

nsim <-— 50000
X <= array (0, dim=c(nsim, 1))
Y <- array (0, dim=c(nsim,1))

7z <- array (0, dim=c(nsim,1))

rho=0.3

Y[1l]=runif(1,0,1)

X[1l]l=runif(1,0,1)*sgrt (1-rho"2)+rhoxY[1]
Z[1]= (X[1])"2+{Y[1]}"2

for (1 in 2:nsim) {
X[i]l= runif(1,0,1)+*sgrt(l-rho”2)+rho*xY¥Y[i-1]
Y[i]= runif(1,0,1)*sqrt (1l-rho”2)+rhoxX[1i]
Z[il= (X[i])"2+{Y[1]}"2 }

sum( (Z>2)) /nsim

[1] 0.10266



Problem 9.4

We have two ergodic Markov chains {X @), Y(i)}, and corresponding Metropolis-Hastings Algorithm
and Gibbs Sampler as following,

e MH Algorithm

1. Generate ' ~ g(2'|x)

2. Take
!

x’,  with probability p(z, x')

x, otherwise.

Where

e Gibbs Sampler, beginning with Xy = xq,

1. Take Y; ~ fyx(:|7¢-1)
2. Take X; ~ fxv(|ye)

(a)

Showing K (z,2') = g(«'|z) = [ f(2'y)f(y|x)dy, the first part K (z,2") = g(a’|z) is just matching
this and the first step of MH algorithm above. And proving second part is following,

f@',z)
f(z)

1 /
- 3 / F(@' 2ly) F () dy

K(z,a') = f('lz) =

/ f(@'ly) f}?ﬂ‘g) f(y)dy (by the interleaving property,)

AC)
[ By

/ £ 19) £ (ylx)dye




(b)

The MH algorithm with ¢ generates x ~ f, where f(-) = [ f(-,y)dy. What we show is that this

marginal distribution is the stationary distribution of X (), which is following.

[ t@gide = [ @) [ 165l
— [ 1) ) dady
~ [ s Wiy
@)

Hence f(x) is also the stationary distribution, from which we desire to generate x.

(¢)

From (b), we know that f(x) is stationary distribution of kernel density g(z’|z), hence it satisfies de-

tailed balance condition,

g(a'|z) f(x) = g(=]) f (')
And we rearrange it,
f@) _ fl)
g(a'lz) — g(z[z")

Therefore ¢ = 1, and we always accept new x’ in MH algorithm.

Problem 9.8
(a)
From Example 9.7, we know the conditional posterior density of a and b, given each other,

2
m(aly,t,b) oc exp ( Zyl —e Zebtl _ a)
b2
a bt;
by t.0) xexp (bztiyi e )

where observation, (Y;) given number of passages, (¢;) follows P(exp(a + bt;)), and priors are a ~
N(0,02%), b ~ N(0, 72), with known variances.



Algorithm: Since we know 7(aly,t,b) and 7(b|y, t,a), we can use Gibbs sampler, however the nor-
malizing constants of them are problematic. In this case, in generating each of the conditional, we
can use random walk Metropolis-Hastings algorithm, in which we can ignore normalizing con-
stants. Also the candidates are g(a¢|a;—1) = N (ar—1,02) and g(bs|bs—1) = N(bs—1,72), where

we can cancel candidate density terms in p. The algorithm is, beginning with ag ~ N(0, 02),

1. Generate by ~ mw(b|y,t,ar—1)
(a) Generate b’ ~ N'(by_1,7%) = g(t/|bs—1)

(b) Take

) v, with probability p(b;—1,b")
t =
b:—1, otherwise.

Where

. b/|y t at_l) }
bi_1,b') = min (¥ly. t. ,1
p( =l ) {Tr<bt—1|y7t7at—1)

2. Generate a; ~ m(a¢|y,t,b;)
(a) Generate a’ ~ N(a;_1,0%) = g(a’|az_1)

(b) Take

a, with probability p(a;—1,a’)
ay =

as—1, otherwise.

Where
eyt

ai_1,a’) = min{ ,
10( =1 ) ﬂ_(at—lly?tvbt)

(b)

Algorithm: Now, we have a full specification that the last number of passages, ¢4 is not 4, but “4 or
more” with observations y4 = 13. In this case we need to generate ¢4 as well as {a, b}, So we

have three-stage Gibbs sampler, with posterior for ¢4 as

T(tat|ya, as, be) o< exp[—exp(a + bts) + ya(a + bty)]

However, since we cannot ascertain Etof: 4 T(tat|ya, ar, by) < oo, we generate a candidate  ~
Truncated Poisson(u) = g(z|pn), x > 4 and we can generate ¢4 through subsequent independent
MH algorithm. In this way we can avoid calculating normalizing constant of 7 (4 ¢|y4, a, b¢). For

the first two stages, we use previous t4, so that we can use the same posteriors 7 (aly, t,b), 7(bly, t, a)



as in (a). The algorithm is following.

1. Generate by ~ w(b|y,t,a;—1)
(a) Generate b’ ~ N (by_1,7%) = g(¥'|bs_1)
(b) Take
v, with probability p(b;_1,b’)

by =
bs—1, otherwise.

Where

p(bi_1,b") = min {

2. Generate a; ~ (a¢|y,t, b;)

W(bI|Y7taat—1) 1}

m(b—1ly,t,ar—1)’

(a) Generate a’ ~ N (ai—1,0%) = g(a'las—1)
(b) Take

/

a, with probability p(a;—1,a’)
ay —
a;—1, otherwise.

Where
p(a;—1,a’) = min {

3. Generate tq¢ ~ m(tat|ya, at, by)

el )

m(a—1ly,t, b))’

(a) Generate ' ~ Truncated P(u) = g(2'|p), 2’ > 4
(b) Take

/

. 2, with probability p(t4¢—1,2')
4t =
tat—1, otherwise.

Where

(@ |ya, ag, by)g(tas—1|p) 1}

ty1,2) = min{ ,
pltae-1,) T(tae—1lya, as, b)g(x'| )




Problem 9.14

(@
The distribution of the missing data is Z; ~ % and the complete data likelihood is
Llz,2) = Ty @02 m e Gof*/2] (2m) =21~ Ti(a - 0))" "

m n

o< exp{—% Z(xZ — 0)2 — % Z (z — 0)2}

=1 i=m+1

x emp{%[nQQ —20(Z + (n —m)z) + (mz? + (n — m)z%)]}

n mx n—+m)z mx n—m)z)>
o exp{—§[9— +(n+ ) ]2+;[( +(n )?) —mz* + (n —m)z%]}
N exp{_g[e_mx—&-(z—l—m)z]g

Thus, as a function of #, the normalized complete data likelihood is N (W, L

n

Problem 9.17

1)

We assume X;; and X2 are conditionally independent given {61, 62}. Then,

L(61,62|Y;, nin,ni2) = L(01,62]Y; = Xix + X2, 41, ni2)
Y.
= L(01,02| Xi1 = ji, Xio = Y5 — ji, ni1, ni2)

>

o
S
o

= L(011 X1 = ji,ni1) L(02] Xi2 = Y5 — ji, ni2)

S,
o
Il

o

Since X;1 ~ B(n;1,61), and X9 ~ B(n;z,02), we have,

=1 ]7;20 jz O

L(6y,61Y,mim0) = [T | 3 (") (Y"f j,)eﬁl Gy Y (1 gy i



Problem 9.26

(a)

We want to derive 7(u, 7|x) where x = {x1, x9, - - - x,, }, with prior of 7']-2 ~ZIG(v, A),

AY (v A
m(rj|v, A) = ) (71'2) (v+1) exp (—7_2>
J

independent with known v and 7w(A) %. For the prior of 15,

m(piluj—1,7) = Ni& (i1, B(r; 2+ 773) 7Y

Where N, (11, 0?) is a density of truncated normal greater than a, except (411) = I_oo< 1y <co0» improper

uniform. Then the prior of u,

k
B _
/J,|’T XX H 1/2 exp —5 Z — M- 1 2 + Tj_21) HM1<M2<-~<M¢ (*)
j=2
+T , g>1 B )5, 7>1 aj+1, J<k
Where T = S ,a; = (s = g% g ,and b; = s , then
1, j=1 0, j=1 0, j=k
the prior of T
K —(v+1) &
7(rly, A) oc AFv—1 H exp —AZ:TJ._2 , ()
j=1 =1
Assuming B, v known, and 7(A) oc A71.
For the sample distribution, normal mixture, we introduce latent variables z; ~ My (1|p1,p2, - ,Pk),

and for the prior of p is 7(p|vy) H i1 pj - assuming all v;,1 < j < k are known. Therefore the

likelihood function is,

+ —n; 1 _
L(p, 7,p|x,2) Hpnj BT exp —53 (@ — ) + (n; = 1)s]] (% %)
7j=1 J

by square completion, where Z; = Z§:1 x;l;,—;, and s? = Z;?:l (z; — Z§)*1,,—;. Finally the posterior
distribution 7(p, T, p, A|x, z) that is derived by multiplying (x) - (s*) - (% % %) and reorganizing, is

proportional to

k n;+7v;—1 k
kv—1 H 12 _Pj 1 2
A v ':[“7 W exp _? 2A + aj + b + n]( H]) + (nj — 1)8]) HH’1</’L2<'“<I’”€D
j=1 j J =1



(b)

75+~

Since m(p|x,z) H _1P; Lis independent to p, 7, A, we consider posterior of u, 7, A only. We

use two identities,

/OO exp [—712(01@— a)? + Ca(p — 5)2)] dp = vorr p{_W}

—c0 VCi + Cy o 72(C1 + Cs)
> a Cs 242711 (a/2)
[t (-2 aa-
a/2
0 24 C’3/

And we consider a case k = 2,n; = 2,ny = 0, the full proof can be done by induction. Then,

1
Pl Alx, ) o AP ()= exp {‘272<2A+B<u2—m>2+2<f1—m)us%)}
1

P . 1
(5247 2)1/2(7'22) 1) exp |:7_2(2A+ B(ps — Ml)Q)] Ly <pio

2

From the above posterior, we can extract posterior for p1, o,

1 _ _ _
J (1, p2|x,z) = exp {—23(7'2 ?+ 1 2)(#2 - /~01)2 +2(z1 — M1)2] Hu1<u2

We have upper bound of [ [*? f(u1, po|x,z)dp dps when we integrate over —oo < i, fig < 00,

by using the first identity,

00 ) 00 %)
/ f(pa, p2lx, z)dprdps - < / / J(pr, po|x, z)dpydps

_ / o [_B<752+r;2><x1 )
B(ry +¢1 ) 42 B(ry? +72) +2
Tl _ Crirs
\/72+71 V@)
Where C' = \/% . Then we plug-in the above to find,

1 A
f(A, T|x,2) < CA? =V (72)~WH5/2) (72)=(43/2) oxp [—22(2A+s%) — 2].
Ti D)

We integrate over f(A, T|x,z) over 11, T2, referring the second identities. Then we have,

f(Alx,z) = / / f(A, T|x,2z)dr1dm
C22V+1r v+2)D(v+1)A% 1
- (2A + sT)v+2(24)v+1
, AV—2
(A +s3/2)v+2

9

2
] dpz



Where C' = C w. Finally, we get total posterior upper bound by integrating f(A|x,z) over

A (referring a known identity),
oo 00 , Au72
Alx,z)dA = C'————5dA
[ famaa = [

) 3
= CN <2> < 0
51

Where C” = C'T'(v — 1)I'(3). Since the upper bound is finite, the posterior is proper.

10



