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6ROXWLRQ�:H�NQRZ�WKDW�I�[_ � � � � � _[�0�[��6XEVWLWXWLQJ�WKLV�LQ�WKH�IRUPXOD�IRU�WKH�
Bayes risk we get 
 
��/� �K� ��I�[_ � � �G[G  ��/� �K� �� � _[�0�[�G[G   ���/� �K� �� � _[�G �0�[�G[� 
7KXV� �PLQimizing the Bayes risk is given by the estimator that ,for each x, minimizes the 
LQQHU�LQWHJUDO�L�H�� �PLQLPL]LQJ����/� �K� ��� � _[�G � 
 
E�)RU��/� �K� �� __K� �-� __2�VKRZ�WKDW�WKH�%D\HV�HVWLPDWRU�RI�K� ��LV� 
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Solution:According to parW�D��WKH�%D\HV�HVWLPDWRU�RI�K� ��LV�WKH�HVWLPDWRU� �WKDW�IRU�HDFK�[�
minimizes  �/� �K� ��� � _[�G  �__K� �-� �[�__2� � _[�G  (>__K� �-� �[�__2 |x] and it is known 
(by a result that will be proven at the end),that the estimator minimizing that expectation 
iV� � (x)=E >K�� �_[@� 
 
F��)RU��/� �K� �� _K� �-� _�VKRZ�WKDW�WKH�%D\HV�HVWLPDWRU�RI�K� ��LV�WKH�PHGLDQ�RI�WKH�
posterior distribution. 
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each x minimizes  �/� �K� ��� � _[�G  �_K� �-� �[�_ � _[�G  (>_K� �-� �[�_�_[@�%XW�IURP�D�
result that will be proven below,this expectation is minimized by the median of the 
SRVWHULRU�GLVWULEXWLRQ��RI�K� ��� 
 
Results: 
Note:for simplicity, we will provide the proof in the unidimensional case(for the 
multidimensional case, the result follows from the definition of the norm and the linearity 
of expectation). 
 
1)Let Y be a random variable and M a constant.The value that minimizes E[(Y-M)2] is 
M=E[Y]. 
Proof: E[(Y-M)2]=E[(Y-E(Y)+E(Y)-M)2]=E[(Y-E(Y))2]+2E[(Y-E(Y))(E(Y)-
M)]+E[(E(Y)-M)2]. 
The middle term is 0 since E(Y)-M is a constant and E[(Y-E(Y))]=0. 
The other two terms are positive and the expression is minimized when the last term is 0 
i.e. for M=E(Y). 
 
2)Let Y be a real valued random variable with a median M and E|Y|<�� 
Then E|Y-M|=inf E|Y-a|. 
                      a¼5 
Proof:Note that E|Y-a|<=E(|Y|+|a|)<��DQG�WKXV�LW�PDNHV�VHQVH�WR�WDON�DERXW�WKH�ULJKW�KDQG� 



side. 
Suppose first that a>M. 
|Y-a|-|Y-M|=M-a   if M<a<=Y 
                     M+a-2Y  if M<Y<a 
                     a-M  if Y<=M<a. 
                                                           a 
Thus,E[|Y-a|-|Y-M|]=(M-a)P(Y�D���M (M+a-2y) dF(y)+(a-M)P(Y�0����0-a)P(Y�D�� 
               a 
+(M-a) )�M dF(y) +(a-M)P(Y�0� �0-a) P(Y�0�����D-M)P(Y�0� �D-M)[2P(Y�0��-
1]��D-M)(2*1/2-1)=0. 
This implies that E|Y-a| ��(_<-M| for a>M. 
The case when a<M is obtained similarly and thus we got the desired result. 


